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Abstract 

We consider the valued field K := BL((T)) of formal series (with real coeffi- 
cients and monomials in a totally ordered multiplicative group T ). We investigate 
how to endow K with a logarithm /, which satisfies some natural properties such 
as commuting with infinite products of monomials. In [KM10], we studied deriva- 
tions on K. Here, we investigate compatibility conditions between the logarithm 
and the derivation, i.e. when the logarithmic derivative is the derivative of the 
logarithm. We analyse sufficient conditions on a given derivation to construct a 
compatible logarithm via integration of logarithmic derivatives. In [KuhOO], the 
first author described the exponential closure K EL of (K, /). Here we show how to 
extend such a log-compatible derivation on K to K EL . 
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1 Introduction 

Consider the valued field IK := R((T)) of generalized series, with real coefficients and 
monomials in a totally ordered multiplicative group T . We undertook the investigation 
of these fields in a series of publications [KKS97], [KuhOO], [FKK10] and [KM10]. 
We endeavor to endow these formal algebraic objects with the analogous of classical 
analytic structures, such as exponential and logarithmic maps, derivation, integration 
and difference operators. Hardy fields, extensively studied by M. Rosenlicht, are the 
natural domain for asymptotic analysis. Our investigations thus lead us to analyse the 
relationship between Hardy fields and generalized series fields. This paper is a further 
step in this direction. In particular, we interprete here some key ideas of [Ros83] in the 
formal setting of generalized series. 

In [KKS97], we proved that if F + 0, then K cannot be endowed with a logarithm (i.e. 
an isomorphism of ordered groups from its multiplicative group of positive elements 
onto its additive group). We established however that K always admits a pre-logarithm, 
i.e. a non surjective logarithm. In this paper, we take a closer look at this aspect. We in- 
vestigate how to endow K with a (non surjective) logarithm /, which moreover satisfies 
some natural properties such as commuting with infinite products of monomials. 
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In [KM 1 0] , we studied derivations on K and introduced in particular Hardy type deriva- 
tions (that is, derivations that behaves like derivations in a Hardy field). For the analysis 
of the derivations on K, we worked with the chain of fundamental monomials (O, <) of 
T (see Section 2). We gave a necessary and sufficient condition for a map d : <S) — > K 
to extend naturally to such a derivation. Here, we investigate compatibility conditions 
between the logarithm and the derivation, i.e. when the logarithmic derivative is the 
derivative of the logarithm. 

In [KuhOO], the first author described the exponential closure K EL of (K, /)■ Here we 
show how to extend such a log-compatible derivation on K to K EL . This exponential 
closure K EL is an infinite towering extension, starting with a pre-logarithmic series 
field, i.e. a generalized series field endowed with a pre-logarithm (see Definition 2.7). 
Thus we begin in Section 3 by proving a criterion for a derivation on a pre-logarithmic 
series field to be compatible (see Proposition 3.8). This result is applied in Section 4. 
There, the main Theorem 4.10 deals with a Hardy type series derivation d, and gives 
sufficient conditions on d to define a if -compatible pre-logarithm. This pre-logarithm is 
constructed by a process of "iterated asymptotic integration" of the logarithmic deriva- 
tives (Lemma 4.13). This process is based on the computation of specific asymptotic 
integrals, which we do in Section 4.1. This allows us to provide many examples in Sec- 
tion 5. In Section 6, given some pre-logarithmic series field endowed with a Hardy type 
derivation, we show how to extend it to the corresponding exponential closure. Note 
that this has been considered for fields of transseries in [SchOl, Ch. 4.1.4]. However, 
our pre-logarithmic field (K, /) does not necessarily satisfy Axiom (T4) of [SchOl, Def- 
inition 2.2.1]. The last Section 7 is devoted to the questions of asymptotic integration 
and integration on EL-series fields. 

In forthcoming papers, we extend our investigations to study Hardy type derivations on 
the field of Surreal Numbers [ConOl], and investigate difference operators on general- 
ized series fields. 

2 Preliminaries. 

We summarize notation and terminology from [KM 10]. Recall the following corollary 
to Ramsey's theorem [Ros82]: 

Lemma 2.1 Let T be a totally ordered set. Every sequence (y n ) n eN c T has an infinite 
sub-sequence which is either constant, or strictly increasing, or strictly decreasing. 

2.1 Hahn groups. 

Definition 2.2 Let (O, <) be a totally ordered set, the set of fundamental monomials. 

Consider the set H(<D) of formal products y of the form 

y= n + y * 

<pe SUpp y 

where y^, e R, and support of y, supp y := {(p e O | ^ 0}, is an anti-well-ordered 
subset of <£. We will refer to y^ as the exponent of <p. Multiplication of formal products 
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is pointwise, and H(<t>) is an abelian group with identity 1 . We endow H(<1>) with the 
anti lexicographic ordering < which extends < of <D. Note that (f> > 1 for all (f> e <1>. 
The totally ordered abelian group H(<t>) is the Hahn group over O, which elements 
are called the (generalized) monomials. The set <J> is the rank. By Hahn's embedding 
theorem [Hah07], every ordered abelian group F with rank <& can be seen as a subgroup 
ofH(<D). 

From now on, we fix a totally ordered set (<£, =<) and a subgroup F ofH(<f>). 

Definition 2.3 The leading fundamental monomial of 1 + y e F is LF(y) := max(supp y), 
and LF(1) := 1. This map verifies the ultrametric triangular inequality : 

Sa,/3 e T, LF (a/3) < max{ LF (a), LF OS)} 



The leading exponent of 1 + y e F is the exponent of LF (y). We denote it by LE (y). 
For a e F set \a\ :- max {a , a~ l }. 

2.2 generalized series fields. 

Below, we adopt our notation as in [KM 10]. 

Definition 2.4 Throughout this paper, K = R ((F)) will denote the generalized series 

field. As usual, we write these series a — ^ a a a, and denote by the series with 

o-eSupp a 

empty support. Here Supp a = {a e F | a a + 0} is anti-well-ordered in T. 

For a 6 K*, its leading monomial is: LM (a) :- max (Supp a) e F . The map LM : 
K* — > T is the canonical valuation on K. The leading coefficient of a is LC (a) := 
« lm (a) £ For nonzero nel, the term LC (a) LM (a) is called the leading term of 
a, that we denote LT(a). We extend the notions of leading fundamental monomial and 
of leading exponent to K* by setting LF (a) := LF ( LM (a)), respectively LE (a) := 
LE ( LM (a)). 

We extend the ordering < on F to a dominance relation on K by setting a < b o 
LM (a) < LM (b). We write: a x b o LM (a) = LM (b), and: a ~ b o LT (a) = 
LT (b). Let a > 1, b > 1 be two elements of K. a and b are comparable if and only if 
LF (a) = LF (6). We also set \a\ := | LM (a)|. 

The anti lexicographic ordering on K is defined as follows: Va e K, a < o 
LC (a) < . We denote as usual K* := K \ {0}, and K >0 := {a e K \ a > 0}. Note that 
(K>o, ■) is an ordered abelian group. 

Remark 2.5 The results in this paper hold for the generalized series field with coef- 
ficients in an arbitrary ordered exponential field C [KuhOO] containing R (instead of 
R). 
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2.3 Pre-logarithmic sections. 

Definition 2.6 We denote by K* 1 := {a e K | a < 1} the valuation ring of K. Sim- 
ilarly, we denote by K^ 1 := {a e K | a < 1} the maximal ideal of K <[ . We have 
IK 50 = ReK* 1 . We denote by K* 1 := R ((i^ 1 )), the subring of purely infinite series. 

We will use repeatedly the following direct sum, respectively direct product, decom- 
positions of the ordered abelian groups (K, +, <), respectively (K>o, •, <) [KuhOO, Ch. 
1]: 

K = K 5 - 1 © R © K^ 1 
K >0 = T . R >0 . (1+K^ 1 ) 

Definition 2.7 Let K be a field of generalized series. 

• The natural logarithm on 1-units is the following isomorphism of ordered groups 

[A1162]: 

h : l+K <l -> K^ 1 

i +e i — > yc-ir- 1 - c 1 ) 

n 

n>\ 

• A pre-logarithmic section / of K is an embedding of ordered groups 

I : (T,-,0 -> (K^ 1 , +, <). 

• The pre-logarithm on K induced by a pre-logarithmic section I is the embedding 
of ordered groups defined by: 

/ : (K >0 ,-,<) -> (K,+,<) 

a = a a a(l + e a ) i-» 1(a) := log(a ff ) + 1(a) + + e a ) 

where log is the usual logarithm on positive real numbers and l\ the logarithm 
on 1-units. The pair (K, I) is then called a pre-logarithmic series field. 

In particular, we are interested in pre-logarithmic sections that verify the Growth 
Axiom Scheme : 

Definition 2.8 Let (K, /) a pre-logarithmic series field. We say that the Growth Axiom 
Scheme holds if and only if we have : 

(GA) VaeP 1 , 1(a) < a. 

Axiom (GA) is satisfied by non archimedean models of the theory Th(R, exp) of 
the ordered field of real numbers with the exponential function (see [KuhOO, Ch. 3] for 
more details). 
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3 Pre-logarithms and Derivations. 

3.1 Defining pre-logarithms on generalized series fields. 

We consider pre- logarithmic sections on a generalized series field K (see Definition 
2.7), which satisfy the following property: 

Definition 3.1 A map / : F — > W 1 is a series morphism if it satisfies the following 

axiom: 

(L) Ma = ]~] </>"* e r > Ka) = Yj 

^esupp a 0Gsupp a 

Note that a series morphism I is in particular a group homomorphism. Moreover, a 
series morphism / is a pre-logarithmic section if and only if it is order preserving (i.e. 
for any a < (3 in F, we have 1(a) < l(J3)). 

We are interested in the following setting: given a map : O — > K* 1 \ {0}, 
we study necessary and sufficient conditions so that Z$ extends to a series morphism 
l r :Y^K >l . 

Recall the following definition from [KM 10]: 

Definition 3.2 Let / be an infinite index set and T = («/),£/ be a family of series in K. 
Then T is said to be summable if the two following properties hold: 

(SF1) Supp T : = Supp a t (the support of the family) is an anti- well-ordered subset 

iel 

ofr. 

(SF2) For any a e Supp T, the set S a := {i e / | a e Supp a,} c I is finite. 
Write a, = ^ fl;. a ff, and assume that T - (a,);^ is summable. Then 

^a,:= ^ (^a,>)o'€K 

16/ Q-ESupp !F !&S„ 

is a well defined element of K that we call the sum of T . 
Definition 3.3 Let 

/<s : <t> -» K M \{0} 
i-» ^(0) 

be a map. We say that 1$, extends to a series morphism on F if the following property 
holds: 

(SL) For any anti-well-ordered subset £c$, the family (l<s,((p))^ eE is summable. 
Then the series morphism / r on T induced by is defined to be the map 

k : F -> K M 

obtained through the axiom (L) (which clearly makes sense by (SL)). 
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Note that, if the series morphism /p is a pre-logarithmic section, then it extends 
to a pre-logarithm / on K>o as in Definition 2.7. We are interested moreover in pre- 
logarithms which verify (GA) (see Definition 2.8). 

In the next Proposition 3.4, we provide a necessary and sufficient condition on a 
map /o : 4> — > K so that the properties (SL) and (GA) hold. (In the sequel, we drop the 
subscripts <t> and F of and lr to relax the notation). 

Proposition 3.4 A map I : O — > K* 1 \ {0} extends to a series morphism on T if and 
only if the following condition fails: 

(HL1) there exists a strictly decreasing sequence (<p n )neN C <E> and an increasing se- 
quence (/l^neN c r such that for any n, A*-"' e Supp l(<p n ). 

Moreover, such an extension I is a pre-logarithmic section if and only if we have: 

(HL2) I is an embedding of ordered sets, i.e. for any <p < tfr e 5>, < l((f>) < l(if/). 

Moreover, such a pre-logarithmic section I satisfies ( GA ) if and only if we have: 

(HL3) for any (f> e O, LF (/(<£)) < <f>. 

Proof. Note that (HL1) is the exact analogue of (HI) in [KM 10], replacing <p'/0 by 
l(<p). The proof of the first statement is the exact analogue of the proof of [KM10, 
Lemma 3.9], replacing <p' /(p by l(<p). 

Let a = P[ <p a,f e F. Assume that a > 1, thus LE(ff) > 0. By the first 

<^esupp a 

statement, 1(a) = ^ 0^/(0). Since by hypothesis I is order preserving on O, we 

0esupp a 

have LC(l(a)) = LE(a)LC(0 o ) > where () = LF(a), so 1(a) > 0. 

For (HL3), we consider some monomial a — |~~ [ (ff 4 ' in F\ { 1 }. Then LM(l(a)) = 

^esupp a 

LM( V a<pl(<p)) = LM(a0 o /(0 o )) where cf>o = LF (a) and a^ > 0. So 1(a) < a for 

^esupp a 

any a if and only if, for any (j>o and a^ > 0, l(<po) < <j>°^ ■ This is equivalent to (HL3). 
□ 

Remark 3.5 As in [KM10, Corollaries 3.12 and 3.13], one can give analogous partic- 
ular cases of (HL1). 

3.2 Compatibility of pre-logarithms and derivations. 

We recall the following definition from [KM 10]: 

Definition 3.6 A map d : K — > K, a h-> a', verifying the following axioms is called a 
series derivation: 

(DO) 1' = 0; 

(Dl) Strong Leibniz rule: Va = ]~[ <f> a « e F, (a)' =a ^ a — ; 

0esupp a 0Gsupp a * 
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(D2) Strong linearity: Va = ^ a a a e K, a' = ^ a a a' . 

aeSupp a o-eSupp a 

Here we provide a criterion on the derivation to be compatible with the pre-logarithm: 

Definition 3.7 Let (K, be a pre-logarithmic field endowed with a derivation d. Then 

n a ' 

d is log-compatible if for all a e K , we have 1(a)' = — .In this case, we shall say 

a 

the pre-logarithm / is compatible with the derivation d or that d and I are compatible. 

In the case of a series morphism and a series derivation, it is sufficient to verify the 
compatibility condition for the fundamental monomials: 

Proposition 3.8 Let (K, I, d) be a generalized series field endowed with a series mor- 
phism I and a series derivation d. Then d is log-compatible if and only if the following 
property holds: 

(HL4) e d>, 1(0 = — . 

<f> 

Proof. Let a — a a a (l + e a ) € K>o where a — |~~[ <p a,t and a a e R>o- Using (L), 

0esupp a 

(Dl), (D2), we compute: 



1(a)' = 



/(ff) + log( flff ) + ^(-l) f; - I e* 



1 



J] 0^(0' +0+ ^(-l)*- 1 ^ 

0Gsupp a 



On the other hand, we compute: a' = (a a a (\ +e a ))' = a'a a ( \ +e a ) + a a a e' a . Therefore: 

£_ = ?L + _JL_ . Now, by (Dl): a' = a Y a $ — . 
a a 1 + e a ' . <t> 

ipesupp a 

0GSUpp Q- r 0GSUpp Q- r / 

a' d>' 

Consequently: 1(a) = — if and only if — = l((f>) for all <p e supp a. □ 

a (f> 

4 Pre-logarithms and integration for Hardy type deriva- 
tions. 

We recall the following definition from [KM 10]: 

Definition 4.1 A derivation d on K is a Hardy type derivation if : 

(HD1) the sub-field of constants of K is R. 

(HD2) d verifies l'Hospital's rule : Va, b e K* with a, b % 1 we have 
a < b <=> a' < b'. 
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(HD3) the logarithmic derivation is compatible with the dominance relation: Va, b e 

a' b' a' b' 

K with \a\ > \b\ > 1, we have — > — . Moreover, — x — if and only if a and b 

a b a b 

are comparable. 

4.1 The monomial asymptotic integral. 

For the rest of this section, we assume that d is a Hardy type series derivation on K. 

Notation 4.2 Set 

e <D, 6> w := LM ^j • : = 6 °} • and ^ : = S- lh - <© 
if it exists in T. 

Adopting the notation of [Ros83], we write below: *F := |lM ^— j ; a e K*, a ^ l|. 

We will make use of the following result [KM10, Theorem 4.3; Corollary 4.4]: 

A series derivation on K is of Hardy type if and only if the following condition holds: 



(H3') V0 < (A e <t>, 6» w < 6» ( « and LF — < ^. 



Definition 4.3 We say that b e K is an asymptotic integral of a e K if b' ~ a, 

equivalently if b' ~ LT(a). We say that b is an integral of a\fb' = a. 

Theorem 4.4 A series a e K* has an asymptotic integral if and only if a % g.l.b. ^W. 

This theorem is proved for Hardy fields in [Ros83, Proposition 2 and Theorem 1]. As 
noted in [KM10], it suffices to observe that Rosenlicht's proof only uses the properties 
of what we call a Hardy type derivation in Definition 4.1. If d is moreover a series 
derivation, it suffices to consider fundamental monomials as we establish below. 

Proposition 4.5 Assume that d is a Hardy type series derivation on K. Let a 6 K* 
with a ?fc 1. Then 

LT(^).LE( fl )LT( LF(fl)M 



a I \ LF(a) 



More precisely LM^— j = 6> (LF(a)) andLC^— j = LE(a)LC ^^ j. 
In particular, 9 = g.l.b. < x f. 

Proof. Let 1 * a = a a a + ■ ■ ■ e K* with a = ] [ (f> a *. Set <po = LF(a) = LF(ar) and 

0esupp a 

(Xfo - LE(fl) = LE(a). We compute: 

/ \ K 

a' = a a a' + ■■■ = a a a a — + ■••+•■• = {a a as )a— +■■■ 

\ <t>o j 00 
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Therefore: 

LI (a) a ff ff 



[Ros83, Theorem 1] gives a parametrized family of asymptotic integrals of an 
(asymptotically integrable) element a. For a Hardy type series derivations, we com- 
pute in Proposition 4.8 below a specific asymptotic integral, which turns out to be a 
non monic monomial (i. e. of the form ra with ceR and a e T), uniquely determined 
by a. 

Notation 4.6 We call the asymptotic integral computed in Proposition 4.8 below the 
monomial asymptotic integral of a, and denote it by a.i.(a). 

Lemma 4.7 Let a e T with a + 8. There exists a uniquely determined fundamental 
monomial if/ a e O which satisfies LF ^ — fta- 

P' 

Proof. First, suppose that a > 8. Take a monomial j3 > 1 with a > — . Set :— 

LF(J3), so j x <9 (<w by Proposition 4.5. Set f3 := minj/?, ^yj and O := LF(y8 )- 
Since j8 > O > T we have > O > so 6> (<w > fl^ '. We deduce that a > 8 iM and 
> ^) > > L If we set ^ := LF (^))' then 01 > We compute: 

LF fc) = LF few ■ By (H3 ' ): LF M < *■ We obtain: lf (^t) = 



LF (^)) ;LF (Sr)} = ^- Set ^ := 



Now suppose that a < 8. Let a\ e F such that a < a\ ^8. Set 0o := LF| — I, then 
— rrr = — -—rrr ^ — -< 1. Set0i := LF — — . We deduce that d>\ > 0n, and compute 
LFf^-jJ = 0i as above. Set 0„ :- (f>\. This concludes the proof of the existence of 

4>a- 

Consider now a monomial a ?t 8, and denote 0i and 02 two fundamental monomials 

such that LF y^pj j - 0"; f° r ' : = U 2. Assume for instance that ip\ < 02. We would have 

I a \ la (,A|) \ / or \ 

LF — r— = LF -ttt-^tt = <A2- Since LF — — - = xl/\, we would have LF — — = 

02, which contradicts (H3'). □ 

Proposition 4.8 Let oel* with a X8, and set a: - LM(a). Then: 

a 

a.i.(a) = and a.i.(a) = LC(a)a.i.(a') 

le( " )lt t*k 

\0« 
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a 

Proof. Below, set m := a.i.(a) = 



Since LF(m) = LF^^-^j = using Proposition 4.5, we compute: 

Since LE(w) = LE^^-j-j , we compute: 

LTM . m L E «,„,LT(|) . - ' LE (^)lt(|) . . , 



as desired. 



Denote := a.i.(a). We have: LT(fe') = LT (LC(a)m') = LC(a)LT(m') = LC(a)a = 
LT(a), as desired. □ 

Notation 4.9 In the sequel, to simplify the notations, we will write iff instead of ifr a (of 
Lemma 4.7) if the context is clear. 

4.2 Constructing pre-logarithms as anti-derivatives. 

In the following theorem, we give a criterion for (K, d) to carry a pre-logarithm, com- 
patible with the derivation. Moreover, we will require this pre-logarithm to be induced 
by a pre-logarithmic section which is a series morphism. The construction relies on the 

</>' 

computation of the anti-derivatives of — , <$> e O. 

Theorem 4.10 Let d be a Hardy type series derivation on K. There exists a unique 
pre-logarithmic section I on K which is a series morphism, for which the induced pre- 
logarithm is compatible with the derivation, if and only if the following two conditions 
hold: 



1. 6 t [J Supp 



(f>e<t> T 

2. V0 e <D, VtW e Supp —, a.i.(-r (<w ) > 1. 

<f> 

Moreover, this pre-logarithm verifies (GA). 

Proof. To define a pre-logarithm I on K>o, it suffices to define a pre-logarithmic sec- 
tion I on T. We set 1(1) := 0. By (Dl), for any a = j~[ <p a * e T\{1}, we have 

^esupp a 

a' v-i (/>' , 

— = > a a — . Assume that for any <f> e <t>, there exists l(<f>) e K such that 

a t—* <b 

0Gsupp a 
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(HL4) holds, i.e. l(<f>)' = — . (The proof of the existence of such l(<p) e K" 1 will 

be established below). We apply Proposition 3.4 to extend I to a series morphism on 
F. Suppose, as in (HL1), that there exists a strictly decreasing sequence (0„)„ 6 n c O 
and an increasing sequence (/1™)„ 6 n c T such that for any n, A^ n) e Supp l(<f>„). By 
(HD2), T (n) := LM((il™)') defines an increasing sequence in T such that for any n, 

T (n) E Supp — . This implies that [KM 10, (HI)] holds, contradicting the fact that d is a 
series derivation. Therefore, for any a e F, we can indeed define 1(a) : = a$l((p). 

</iGsupp a 

Note that by (HD2), (HL2) holds. Thus / would be the pre-logarithmic section in- 
duced by the given I on O. Furthermore, this series morphism I is compatible with the 
derivation (Proposition 3.8). 

It remains to prove the existence of such l(<f>) e W 1 . We adapt to our context [Kuh, 
Theorem 1], with the "spherically complete" ultrametric space (K, u) where u(a, b) := 
LM(a - b), and the map / := d. 

Lemma 4.11 ([Kuh], Theorem 1) Let $ e O. We suppose that for any a e K with 
a + — , there exists f>el such that: 

(ATl ) LM^-|)>LM( fl '-^); 

(AT2) Vc E K, if LM (a - c) > LM (a - b), then LM (a' - c') > LM [a' - ^-|. 
Then there exists l(<p) e K such that l(<p)' — —. 



Proof. Let a € K. By (Dl) and (D2), we can denote LT \a' = cqoct^ for some 

\ <P) 

fit 4>' 

Co e R, a e Supp a U {1}, e supp a U {0} and r w e Supp — . 

Claim 4.12 Provided Hypothesis 1 and 2 of Theorem 4.10, we consider a G T, a X 1. 
77zen any monomial ft — ar* e Supp (a') (where (f> e supp a and e Supp fey 
admits an asymptotic integral. Moreover, if/p — LF(o') and LE(/J) = LE(ar). 



Indeed, by Lemma 4.7 and Proposition 4.8, we show that LF 



r aT w\ 



= iff. Set (A := 



LF(a), therefore if/ > 0. Denote by the unique fundamental monomial such that 



LF 



= ^ (which exists since t (<m ?t by Hypothesis 1). Since — =- > 1 by 



Hypothesis 2, we have ijr <<j>. Consequently, if/ < iff, so LF 



(H3'). Then, 
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using the ultrametric triangular inequality for LF, we compute: 



LF 



r (<4) 



LF 



T (0) 0) ' 

a — — —— I = LF(a) 



if/ and LEQ3) = LE(a). 



Consequently, coar^ admits an asymptotic integral monomial. To conclude the proof 
of (ATI), it suffices to set b := a - a.i.(coaT W ). 
Concerning (AT2), we consider eel such that 



LM (a - c) > LM (a - b) = LM (a.i.(c ar*)) 
By (HD2), we have: 



or-' 



LM(a'-c') > LM 



= err* = LMlfl' - — 



Note that /(</>) is defined up to addition by a real constant. We choose the l(phi) 's so 
that this real constant is zero, i.e. 1 i Supp l{(f>). 

We prove now that l((f>) e K >[ for any (f> e <E>. Suppose not, and denote by /t (0) the 
greatest monomial in Supp l((f>) such that A < 1. Then, LM(A') = A6^\ where if/ = 

LF(A). We consider two cases. Either A^' = t e Supp — , which is impossible since 

a.i.(r) > 1 by Hypothesis 2. Or Atf^ = Af for some A > 1, e supp ^ and f E Supp ^r, 

meaning that, up to multiplication by a real coefficient, A is the asymptotic integral 
monomial of Af. But, computing a.i. (Af^ as in the proof of (ATI) in the preceding 
lemma, we obtain: 

r i- w *t® 
LM [a.i. (^t)J = -gyy- 



0#) 



and LE 



( W ) 



le(a) 



> 0. This means that 



with if/ := LF(2) = LF 

a.i.^f) > 1: contradiction. 

To conclude the proof of the theorem, we show that the pre-logarithm is uniquely deter- 
mined, and that it verifies (GA). Indeed, let l\ and l 2 be two pre-logarithms compatible 

with d, and a e K>o. So h{a)' — — = hia)', which means that li(a) = h(a) + c for 

a 

some cel. But if we take a = 1, then l\ = h = log, so = h{V) = which implies 
that c = 0. 

Concerning (GA), since the derivation verifies l'Hospital's rule (HD2), we observe 
that, for any <f>, the leading monomial of l(<f>) is where if/ is the fundamental mono- 

mial such that LF — — = if/ (exists by Hypothesis 1.). By Hypothesis 2., we have 



0) 



0W 



moreover that — — > 1, so <p > if/. Thus, we obtain LF( /(</>)) = if/ < <p, as desired. 
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In the next result and in its proof, we give a description of the l(<p)'s via a method that 
we may call an iterated asymptotic integration. 

Corollary 4.13 With the same hypothesis as in Theorem 4.10, for any <p e <D, if we 

denote Kef) — ^ d\A e K >1 , then for any A e Supp there is n e N such that: 

AeSupp I(4>) 



A = 1 1 W and A 



n" = i c T (4>,) 

(A) c o,^) 



where: 



a) t^ 1 ' = r (<w € Supp — and if/ = (Lemma 4. 7: i.e. i[i verifies LF I — — ) = if/); 



b) /or any i = 2, . . . , n, C-wr™ is a monomial of — for some (pi < if/ with < 6^'; 



c) Pq = LE 



> and Cq * = LC 



d) /or any k — 1 , . . . , n, LF 



'AM 

1 1 gOM 



ip and LE 



n- 

i'=i y 



■■fio>0. 



Proof. Let We set the iterated asymptotic integration of — as being the fixed 

<f> 

point of the following map / (we prove below that such a fixed point is well defined, 
unique and equal to l(<p)). Given a series I = ^ d^A (which can be thought as an 

AeS 

approximation of /(</>)), by (Dl) and (D2) we have: 

im - /]' = ^ - v = Yj Z Z (d ^- AT ^- 

™ ,leSupp Z(0)\S 0Esupp i T^'ESupp 0'/0 

Since any of the terms (d^Cjp.Ai^ admits an asymptotic integral monomial (Claim 
4.12), we set: 

A.I.([/(0) -/]'):= Z Z Z a.i.[(^)ar®] and A.I.(O) := 0. 

AeSupp l(<f>)\S 0Esupp A r<*eSupp 070 



and 



/(/) := I + A.I. {[l((f>) - /]') 



Note that l((p) is a fixed point for /. We adapt to our context [PCR93, Theorem 1] 
for the ultrametric u(a,b) := LM(a - b)), provided the fact that (K,u) is spherically 
complete: 

Lemma 4.14 ([PCR9 ], Theorem 1) Since K is spherically complete, any contract- 
ing map f : K — » K has exactly one fixed point. 
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Our map / is contracting. Indeed, given h,h e K, l\ + l 2 , we compute: 

m)-m) = h-A.i.(^--i'\-h+A.\.(^--r 2 



= (/, _ / 2 ) _ A.I. [(/, - l 2 )'] . 

Therefore: u[f(h) - f(l 2 )] = LM [(h - l 2 ) - A.I. [(h - l 2 )']] < LM(h - h) = u{h,l 2 ). 
Consequently, l{(f>) is the unique fixed point of /. 

To obtain the desired properties for /(</>), we proceed by induction along the iterated 
asymptotic integration. We begin with I = 0. Thus, we compute the asymptotic integral 

... </>' 

of any monomial c t i«t w of — . By Proposition 4.8 and Hypothesis 1, its asymptotic 

<f> 

integral exists and is of the form: 

C T ») T 

diA :- — 

A>c ,„ 0<« 

/ a \ (>y\ 

where if/ := ip T t-p>, /3q := LE^^yj and cq^ := LCI — I. Moreover, by Hypothesis 2, 
A > 1 as desired. 

We consider now f"(0) for some n e N which we denote by the series I = ^ d^A, 
supposing that properties a) to d) hold for it. Then any term in [l{<p) - I]' is of the form 

(d A c^).AT w = 



(A)Co,<a) 



n— 



where cf> e supp A, so cf) < if/, and qr* is a monomial of Supp — with < 0^. By 
Proposition 4.8, Claim 4. 12 and the induction hypothesis, its asymptotic integral is: 

d,^ a (nSi 1 ^,)^^) 



H 1 1 (0) 



where 0„ +1 := 0, t* +i) := t* andc>„ +1 > := cj. Note that LF (^l) = i^andLF^^) = 
y8o > 0, which implies that d{A > 1 as desired. □ 

5 Pre-logarithms and derivations induced by decreas- 
ing automorphisms. 

5.1 Decreasing automorphisms and monomial series morphisms. 

Definition 5.1 Let (O, <) be a chain. A decreasing endomorphism cr of O is an order 
preserving map cr : O — > <t>, such that for all <p e 3*, < 0. If this map is surjective, 
we call it a decreasing automorphism. 
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Remark 5.2 Note that, if <D has a decreasing endomorphism, then it has necessarily 
no least element. It would be interesting to characterize linear orderings which admit a 
decreasing endomorphism. 

Definition 5.3 A pre-logarithm on K is monomial if its restriction to the fundamental 
monomials has its image in the monomials: 

I : <t> -> RT. 

In [KM 10, Proposition 5.2], we study derivations on K that are also called mono- 
mial (i.e. such that their restrictions to the fundamental monomials have their image in 
the monomials), and we prove that: 

Proposition 5.4 A monomial derivation d extends to a Hardy type series derivation on 
K if and only if the condition (H3 ') holds. 

Here we prove that: 

Proposition 5.5 Let d be a monomial Hardy type series derivation on K. Assume 
that the set = (/> € <E>} has no least element. Then there exists a unique pre- 

logarithmic section I on K which is a series morphism, for which the induced pre- 
logarithm is compatible with the derivation. Moreover, this pre-logarithm verifies 
(GA). 

Proof. We just need to check the hypothesis of Theorem 4.10. Indeed, for any 0, 
(f® + 9, which implies that assumption 1 . of Theorem 4.10 holds. We compute now: 

l 



LE| — |LT[-| LEj — jLC,^)/" 1 



'(f) »(£)■ 

/0(0)\ 

with LF l^yj = ( as m Lemma 4.7 with a = Since d is a Hardy type 



derivation, by (H3') we have: LF ^^yj < max{$>, tf/} for any (f> + iff. Consequently, 

(p = max{^>, i//} > which implies also that 0^ > (f^ . Assumption 2 of Theorem 4.10 
holds, as desired. □ 

Example 5.6 We define the basic prelogarithmic section on K by : 

Here (SL) is readily verified. The basic prelogarithmic section / does not satisfy (GA) 
(e. g. l((p) — <p ). To remedy to this problem, we fix a decreasing endomorphism 

cr : $ — > O. 
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We define the pre logarithmic section l a induced by cr as follows: 

The induced prelogarithm (given in Definition 2.7) is denoted by l tT . We leave it to 
the reader to verify that l a satisfies (GA) (see [KuhOO, Ch. 3] for more details). 

As an elementary but important illustration, take the following chain of infinitely in- 
creasing real germs at infinity (applying the usual comparison relations of germs) : 

<D := {exp"(;t;) ; n e Zj 

where exp" denotes for positive n, the n'th iteration of the real exponential function, 
for negative n, the |ra|'s iteration of the logarithmic function, and for n — the identical 
map. The restriction of the (germ of the) natural logarithmic function log to <1> is such 
an embedding cr. We leave it to the reader to verify that its lifting as a pre-logarithm on 
K, extends the logarithmic function on the rational functions field R(exp"(x), n e Z). 



5.2 Defining a compatible monomial derivation from a series mor- 
phism. 

We study now the converse situation of Proposition 5.5. We consider the chain (<D, <) 
endowed with a decreasing automorphism cr, and the induced pre-logarithm l^. We 
want to know when we can define a log-compatible Hardy type series derivation on K, 
and describe it. 

Definition 5.7 Given an ordered chain (<1>, <), an element <p e <t> and an decreasing 
endomorphism cr : <D i-» O, we call: 

• the Z-orbit of 0: 0{cf>) = {o- k (4>) \keZ}; 

• the convex orbit of cf>: C((f>) = e $ | 3k e N, a- k ((f>) < iA < a- k (<p)}. 

• For any a — <p a * e F, any ift e tf> and any binary relation % e {<, <, >, >}, 

^esupp a 

we denote S $ — {<p £ supp a \ (p'Rijj), and define the corresponding truncation of a as 
Tr^(a) := f] 0*. 

Notation 5.8 Given a family f C$ of representatives of the convex orbits o/O, given 
4> & T,we denote S^^ := {i// 6 <b \ <p < \j/ < cr~ l ((p)}, and Sf :- S<fj. 

Proposition 5.9 Let cr be a decreasing automorphism on <I>, and la- the induced pre- 
logarithm. There exists a log-compatible monomial Hardy type series derivation on K 
if and only if there exists a map <t> — » F, <p h-> such that: 



(M) for any (/><*€<!>, Tr >c , ^ j = Tr >c , \[[ — 



with in particular, 



for any keN, &°*W> = —, . 
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Moreover, given a family T of representatives of the various convex orbits o/O, such 
a derivation d is unique up to the definition of the corresponding map Sf — > R* • T, 
tp i — * tyO^' (for arbitrary t^ € W). In particular, when <E> admits only one convex orbit, 
say C$, then d is unique up to the definition of 0® € T, and € R* for if/ € O with 



tji < cr 1 (<p). More precisely, we have 6» W) = 6» (<w ]~j 



Proof. By Proposition 5.4, the existence of a monomial Hardy type series derivation 
on K reduces to the existence of a map d : <S> — > R*F such that (H3') holds. By 
Proposition 3.8, such a series derivation is log-compatible if and only if (HL4) holds, 

which means, in the monomial case, that for any <p e <f>, (cr(0))' = — = tj.(f®. But, 
(o-(4>))' = f^.e^V^) by definition. Therefore, we obtain t a(ip) .6 {am = t, 



and by induction, for any k e W , t^ytf^W = f . — , and t^y^'"^ = 



7=0 



|~[ cr J ((f>) . Now, consider i// e O such that cf> < tff < cr l (<p), so 0^(0) < cr*(i//) 



cr* '(0) for any teN. We deduce that — — ■ — : — < — : — -< — 7—: — : — , and 



W A cr\a>> 

equivalently 1 < — J | — -. — < cr (0). By letting k tends to +00, we deduce that 



0W 11 o-y(^) 



7=1 

1 ^ #w 1 1 ~ jf^ < * for a11 * 6 For ^ 6 such that °" ^ < ^ < °~ 

we set <// := o*(<0. Then, — = — — = [ jcr^i//) — . We are reduced to the 
preceding case. Finally, assume that < Cf, i.e. for any k, I e N, cr~ k (<p) < cr l (ifr). 







1 


By (H3'), we have LF 


1 j 


= LF 

V 



-< cr'(i/r), which implies that 



^nj=i<r%)y 

LF — — — — ; < Cj,. To conclude, it suffices to note that, in the present case, 



00 if I \ \ °° 



Tr. 

Conversely, suppose now that there is a map <D — > T, h-> 0^, such that Condition (M) 
holds. We set t# := 1 for any e <1>. It remains to verify that (H3') and (HL4) hold for 
such a map d : O — > T, ^ h-> 0' = Condition (HL4) holds since, for any e O, 

6» w <t>' 

o-{(f>y = 6» (trW) cr(0) = o-((f>) = — . For (H3'), we consider (f> < 1// e <D, and deduce 



from (M) that: LF ^ = crty) < <A, and LE — | = 1 > 0. 



18 



Concerning the second part of the statement of the proposition, we observe from the 

<p' , ... t]/' 

preceding proof that, whenever we fix — := f,*.6> w , this determines the values of — for 

any tfr e 0(<p). Then note that Sf^ is a family of representatives of the Z-orbits included 
in C(<f>). Therefore, (S<r,tp)tpeF is a partition of O, and Sf is a family of representatives 
of the Z-orbits of €>. □ 



5.3 Examples. 

1. Our purpose is to illustrate Proposition 5.9, in particular when the chain <1> = 
{<pi | i 6 Z} is isomorphic to Z. Let n e W be given. We consider the correspond- 
ing automorphism <x of <£ defined by <pi i-> </>,_„. For instance, we set (f^ := 1. 

In order to build a log-compatible monomial Hardy type series derivation on K, we 

k-l j 

have to set (ff^U*)) ■- gOfe.) = M and = 6^- to) := — r , for any 

io ri/=i 

k e N. Furthermore, for any y e - 1}, we have to set 6^ J - ■ 



+ 00 , k-l 1— r +CXJ , 

Then, for any k e N, = 0»/*> := Ff — V\<Pj + m = + t > and 

1 1 <t>-ln l ,J ' il/=l 0-/h 



/=1 " /=() 

+ OO 



As an illustration with germs of real functions at +00, consider for any i e Z, 02, := 
log~' +1 (jc) (with log°(x) := x), and 02/+ 1 := log 1+1 °g(x), where g is a (ultimately 
positive and differentiable) half compositional iterate of exp (i.e. g o g(x) = exp(jc): 
see [Bos86, Section 6]). The automorphism of the chain <$> is the usual real logarithmic 
function. We have: <x(0,) = 0, + 2. By applying the usual derivation with respect to 



x, for any k e N*, we compute: — — = exp(jt)exp 2 (jt) • • -exp* -1 ^) = \<p2U an d 

(f>2k ' 11 



<P-2k log*(x) • • • log(x)x 



/=() 

(f>'_2t 1 r^T 

0_/. Concerning the fundamental monomial with 

1=1 

(p r rr +o ° 

odd indexes, following Proposition 5.9, we have to set: 2k+l : = — '—^r = 

4>2k+ 1 ri/=i 0-2i 
ng^ogw and := ns^ = n^W+^w 
ru7iog' +I 0-2^1 ns^ nsw* 1 
0-1 n,=2^i-2/ o lo g' +I 



8(x) 0-i ' n£*-a hg l (x) 



l=\ 

It would be interesting to investigate the possible analytic meaning of such a formal 
definition for the derivative of g. 

2. The purpose now is to provide a general example illustrating Proposition 5.9, with 
a uniform definition for the (lW 's. Let (3>, <) be a chain endowed with a decreasing 
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+oo 

automorphism cr : <£ — > <t>. Set 6 ,(0) : = |~~[ cr 4 (0) and = 1 for any <f> e O. These 
momomials verify (M), since for any (p < if/ e <t>, we have — - = — - — . 

11 <T k ((f)) 

In the case of germs of real functions described at the end of Example 5.6 (<5 » Z), the 
present one can be seen as a limit case. Indeed, instead of differentiating with respect 
to the variable x, one may differentiate with respect to </>,, with i — > -oo. This can 
be viewed as a differentiation with respect to a variable p dominated by all the <p's in 
(£>: p < O. In other words, differentiation with respect to a translogarithm (i.e. the 
compositional inverse of a transexponential: see [Bos86]). 



6 Derivation on EL-series field 

We consider K endowed with a pre-logarithm /. The exponential-logarithmic series 

(EL-series for short) field (K EL , log) corresponding to the pre-logarithmic series field 
(K, /), is built as an infinite towering extension of K, namely its exponential closure 
(see below, [KuhOO] and [KT] for details). Given a log-compatible series derivation d 
on K, the purpose of this section is to show how to extend d to a log-compatible series 
derivation (also denoted d) on K EL . If we assume moreover that d is of Hardy type, 
then so will be its extension. 



6.1 The exponential closure of a pre-logarithmic series field. 

Recall that the pre-logarithmic section I : T — > IK is an embedding of ordered 
groups. We denote by T = K^ 1 \ Z(T) the set complement of 1{T) in 1K >1 , and by f — e r 
a multiplicative copy of it (the choice of e as abstract variable will result obvious from 
the definition of the new pre-logarithm P below). We endow the later with an ordering 
<: V e a ,e b € f , e" < e b <=> a < b. Then we define a new group P = T uf with 
the following multiplicative rule: if a^,$ e r" both belong to F, multiply them there; 
similarly if they both belong to f . If or — a e F and fir — e" e f (i.e. a e f), then set 
or .0 1 := e' (Q-)+fl . Therefore P is a group extension of T. 

We extend also I to the following isomorphism: 

: (T*,.) (¥, > \+) 
or ^ lHah 

by defining /j* r :- I, and for any or — e a € f, iHa^) :- f{e a ) - a. Subsequently, we 
endow P with the ordering < defined as the transfer of the ordering < on K*" 1 . Hence 
it extends the ordering < on F. 

We set K" := R((r*)), and the corresponding (K^ 1 , {K^) <1 , {K$) >1 as before. Note 
that K^ 1 c (K*) 5 " 1 , so : T$ -» (K$) >1 is a pre-logarithmic section. We extend it to a 
pre-logarithm I* on K" as in Definition 2.7. 

Repeating this process, we obtain inductively the n' h extension of (K, 0, denoted by 
(K*', Z fi "), n £ N. The corresponding EL -series field is defined as follows: 
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Definition 6.1 Set K EL = [J K*" and log = (J ft. We call (K EL ,log) the EL-series 

neN neN 

field over the pre-logarithmic field (K, 0- 

Note that log : ((K EL ) >0 , ■) — > (K EL , +) is then an order preserving isomorphism. We 
denote by exp = log -1 its inverse map. 

6.2 Extending derivations to the exponential closure. 

Consider a strongly linear (i.e. which verifies (D2)) and log-compatible derivation d on 
K. We show how to extend d to the corresponding EL-series field K EL . Note that this 
has been considered for fields of transseries in [SchOl, Ch. 4.1.4]. However, our pre- 
logarithmic field (K, does not necessarily satisfy Axiom (T4) of [SchOl, Definition 
2.2.1]. 

Theorem 6.2 The strongly linear and log-compatible derivation donH extends to a 
strongly linear and log-compatible derivation on K EL , and this extension is uniquely 
determined. Moreover, if d is of Hardy type, then so is its extension to K EL . 

To prove the theorem, we proceed by induction along the towering extension pro- 
cess. Hence (K, /) represents from now until the end of this section, for simplicity of 
the notations, (Mft, ft) for some neN. We suppose K endowed with a strongly linear 
and log-compatible derivation d, and require that its extension to K" (also denoted by 
d) is also strongly linear and log-compatible: 

Lemma 6.3 For any a" — ^ a a tafl e K", if we set 

a^eSupp a$ 

d(a*) = (aty = J] a^ahfta*))', 

a^eSupp a$ 

then d is well-defined. Moreover, d is the unique strongly linear and log-compatible 
derivation on K" that extends d. 

Furthermore, if d is a Hardy type derivation on K, then so it is on K". 

Proof. Consider a" = ^ a^a* 1 e For any a" e Supp a", we denote ar = a if 

tftteSupp a® 

a" e r, and or" = e a for some a e Y if a" € f . Then, by definition, we have: 

ae(Supp a*)nr e«e(Supp o')nf 

If we denote a = a a a e K yl , and a' = ^ bpfi € K, then: 

areSupp a /?eSupp a' 

(««)' = J] aia' + £ £ a*.^ 1 ®. 

»e(Supp a')nr e D e(Supp a')nr;8eSupp a' 
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First, we verify that (a')' is well-defined. We set S := (Supp a") n T, and S :- 
(Supp a") n f . Observe that S and S are anti-well-ordered subsets of F and f respec- 
tively. Hence, if we set S :- iHS), then S is anti-well-ordered in (K >1 , <). The first 
sum is the derivative of ^ a a a, which is an element of K. By the induction hypoth- 
ecs 

esis, it is well-defined. For the second sum, we have to show that the family {a'e a ) ae § 
is summable (see Definition 3.2). As noted above, the elements of the support of this 
family are of the form e a+,(J3 \ where a £ S and /3 £ Supp a' . Hence, to proceed by 
contradiction, we suppose that there is an increasing sequence cq < c\ < c% < ■ ■ ■ of 
elements of K with c n := a n + l(J3 ( "^), a„ £ S , /? ( "' £ Supp a' n for any n. Consider the 
corresponding sequence (a„)„ £ N- Since S is anti-well-ordered in K >1 , it cannot have 
an increasing subsequence. Moreover, if it had a stationary subsequence, we would 
have a corresponding increasing subsequence of Z(/S^)'s. Since I is order preserving, 
we would have an increasing subsequence of f3 n 's, all of them belonging to the sup- 
port of a same a' ng , contradicting the induction hypothesis. Therefore, by Lemma 2.1, 
there is a strictly decreasing subsequence a, > a,, > a,-, > • • • . Since the correspond- 
ing sequence c, < c,-, < • • • is increasing, we must have Z(y6 ( ' o) ) < l(J3 (M) ) < ■ ■ ■ , and 
equivalently /3 ( ' o) < y6 (,l) -<•••. Subsequently, we observe that: 

W < I £ N, < a k - a h < - l(J5 (k) ) = I [^\ (2) 

with y6 (/i) £ Supp a' t and ft ll > £ Supp a'.. By the induction hypothesis, we denote 

( a <fn))' 

0k) = ar Ci»yW i w here a &) 6 Supp a { and £ Supp .. , = Supp l(a M )' for any 

( B (i,) \ I a {il) \ I y {i,) \ 
n E N. We observe that a M e T >1 since a ; e K >1 , and / = / — — + / \ L — for 

any £, Z. Consider the sequence (a' (, " ) )„eN- If it had a strictly decreasing subsequence, 
we could define the series a - ^ or*'"'. But the corresponding increasing subsequence 

of ($-'^) ne ii would be included in Supp a', contradiction. Neither can (o' (! " ) )„ e N nave an Y 
stationary subsequence. Indeed, the corresponding increasing subsequence of (fl^)^ 
would be included in Supp (a*°o))' for a fixed no- Hence, by Lemma 2.1, (a^^neN has 
a strictly increasing subsequence, say (a ( ^) ne ^. Observe now that: 

Mk < I e N, 1 < V- < -7 - (3) 

y(jl) a Uk) 

(yUk)\ (a Ul) \ 

It implies that < / M— - < / — — < l(a (jl) ) (since a (jk) £ r >1 ). But, since / ver- 

\ yOi) / \ a Uk) J 

(a Ul) \ 

ifies (GA), we also have l(cr J '') < a^'K Therefore, l\ — — < ay 1 ', which implies 

\ a\ lk > ) 

/yUlc)\ /j8 ft) \ 

that / -— r- < a (jl) . We obtain that Z|-tt- < a Ut) . But, we deduce from (2) that 

W">) . w i) ) 

a h - < a^'K It implies that the term with monomial in a,-, has been cancelled 
by a term in a lk . Therefore, a'-"' e Supp a, t , so n) £ Supp a\ . By a straightfor- 
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ward induction, we obtain that the strictly increasing sequence (Ji ( ~'" ) ) n eN is included in 
Supp a' ifj , contradiction. The extension of d to K" is well-defined. 

The proofs that such an extension is a log-compatible derivation follow straightly from 
the definitions and are left to the reader. 

Moreover, we observe that the extension of d to is uniquely determined by its defi- 
nition, since we suppose that it is strongly linear and log-compatible: 

d(J) = (a*y= J] aJ,a*(/V))'. 

Suppose now additionally that d is a Hardy type derivation on K. To prove that d 
verifies l'Hospital's rule (HD2) on K", it suffices to prove it for its monomials. Hence, 
we consider aKfl e r tt \jl) with J < ft. It means that /"(a*) < in K >1 , which 
is equivalent, by the induction hypothesis, to: /"(or")' < Therefore: (a^)' = 

aHKah' <0($)' = OS")'. 

To determine the subfield of constants of K", suppose now that there exists a" = 
^ J at J eK'\R such that (J)' = 0. We denote as before: 

o-'eSupp J 

o-'eSupp a* 

= ^ a i a ' + X a t- a ' ea 



aeS e a eS 



a^S a£ s /?eSupp a' 



whereS := (Supp J)C\T, S := (Supp a^nf, and ■§ := ^(5). Setaf, := max(Suppa\{l)). 
There are two possibilities. Either or' = ao e T. By the induction hypothesis, it implies 
that there is /?o 6 Supp a' Q . So the corresponding term in (a")' must have been cancelled 
by the leading term of the second sum. Or a Q = e"° for some «o e f. Then there 
exists &o := LM(ao) > 1 and p\> := LM(a' Q ) + (by the induction hypothesis). So 
e a +i(fi ) j s me i ea( jing monomial of the second sum. The corresponding term in (a")' 
must have been cancelled by the leading term of the first sum, say /?o- Therefore, in the 

two cases, there must be an equality e a ° +/< &>) = J g 0> which is equivalent to: = 1. 

A> 

e a o +l0 o ) , I h \ 

But = e a o+W-W So we should have aQ + i0 Q y _ /(j8o) = aQ + / ^" = o, 

P0 ^ \po/ 

which is absurd since a () e f = K* 1 \ 1(F). 

It remains to prove (HD3) on K tt . We consider a 1 *,/? 11 e K tt with la*! > > 1. Note 

that, by replacing a* and fo* by -a", ±— , and -fe", +— respectively, we still have 

a* b* 

H U («")' 

|a*| > > 1, and the leading monomials of — — and — — are preserved. So we can 

a* b* 

suppose without loss of generality that a" > $ > 1. Consequently, /"(a") > fi(b$) > 
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in K. This implies that = /"(a")' > Hb*)' = ^-Q-. Moreover, J »0>\ if and 
J ^ b$ 

only if iH J) > l\b^) in K, which means that ^—j- = iH J)' > /*(£*)' ' " ' 



a« b' 
This concludes the proof of Lemma 6.3, and so the one of Theorem 6.2. 



7 Asymptotic integration and integration on EL-series 

Let (K, /, d) be a pre-logarithmic series field endowed with a strongly linear and log- 
compatible Hardy type derivation d. Recall that 8 := g.l.b. < {6> <<w , (f> e o}, when- 
ever it exists in F. In particular, in the case where d is a series derivation, 8 = 

g.l.b. < \ LM — ) ; a e K*, a * if (see Proposition 4.5). 



Theorem 7.1 Let (K EL , log, d) be the induced differential EL-series field as in Theo- 
rem 6.2. A series a e K EL admits an asymptotic integral if and only if a ^ 8. 

Proof. Recall that the induced derivation d on K EL is itself strongly linear, log-compatible 
and of Hardy type (Theorem 6.2). We proceed by induction along the towering exten- 
sion construction of K EL . The initial step is given by Theorem 4.4. Consider (K, I, d) 
as in the statement of the theorem. We want to show that its extension (K*, ft) veri- 
fies g.l.b. < |lM^^j-| ; a* e K*\{0}, a* * 1 j = 8 (indeed, we will then obtain the 
desired result by applying Theorem 4.4 to K$ = R((r s ))). Let 1 * a" e IK^fO}. We 
denote J := LM(a li ). By (HD2), LM^^j-j = LM^^j-j. There are two possibili- 

« ((<**)' \ - t 

ties. Either or — a e T, which implies that LM — — > 8. Or or = e a e T for some 



a* 

a E r = K^VCr). We denote a := LM(a). Then LM^^j-j = LM(a') = LM(a') 

((a)'\ ((aY\ - ((atYX 

orLMl — I. Since LM I — I > 8, and a > 1, then LMl —j- I > 8. Therefore, by in- 
duction we obtain that 8 = g.l.b. ^ |lM |^-| ; a e K*"\{0}, a # 1 j for any n e N, 
so 8 = g.l.b. < |lm|^-|; a e K EL \{0}, a * l| as desired. □ 

Denote T EL := LM(K EL ) = (J«ENr ti ''. 

Corollary 7.2 The EL-series field K EL is closed under integration if and only if 8 t 

pEL 

Proof. By [Kill , Theorem 55 and 56], it suffices to prove that 8 t T EL implies that 
any element of K EL has an asymptotic integral, which was proved in the preceding 
theorem. □ 
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